Abstract. This paper investigates the boundary behaviour of positive solutions of the equation Lu = 0, where L is a uniformly parabolic second-order differential operator in divergence form having Holder-continuous coefficients on X= R" X (0, 7"), where 0 < T < oo. In particular, the notion of semithinness for the potential theory on X associated with L is introduced, and the relationships between fine, semifine and parabolic convergence at points of R" X {0} are studied.
0. Introduction. Let £ be a second-order linear parabolic differential operator having divergence structure on X = R" X (0, T) where 0 < T < oo. The coefficients of L are assumed to be such that the classical fundamental solution exists, the results in [2] for classical solutions hold, and the solutions of Lu = 0 form a strong harmonic space in the sense of Bauer [3] .
In the particular case of the heat operator Ax -9/3i, Doob [11] proved the almost everywhere convergence through parabolic regions of quotients of positive solutions on X. Hattemer [16] showed that if £ c R", « is a solution of the heat equation on X, and for each b e £, u is bounded on a parabolic region with vertex b, then u has finite parabolic limits almost everywhere on £ (cf. [7] ). Results of Kemper [20] imply a Carleson-type result for solutions of the heat equation (i.e. Hattemer's result holds if u is only upper or lower bounded on each parabolic region).
For certain parabolic operators with divergence structure, Johnson [19] proved the Lebesgue-almost-everywhere convergence through parabolic regions of positive solutions on X.
In this paper, Johnson's result for £ is deduced from the abstract Fatou-NaimDoob theorem. Also, a Carleson-type result is established for solutions of Lu = 0 defined on a union of parabolic regions. The methods employed in this paper were inspired mainly by those in [6,21 and 22] .
Basically this paper shows that all the ideas introduced by Brelot and Doob in [6] for the study of nontangential convergence for quotients of positive solutions of Laplace's equation can be used to study parabolic convergence for positive solutions of certain parabolic equations. In particular, semithinness, which was not used in [22] , is seen to be also useful in the parabolic case. As in the case of Laplace's equation, to prove the local theorem it is necessary to obtain a suitable relationship between the ideal boundaries of X and certain subsets of X (cf. [21] ). This is done in §7 by using the integral representation theorem in [18] and on adaptation of the methods used in the appendix of [21] .
I would like to thank Professor J. C. Taylor of McGill University for suggesting this problem and the stimulating discussions we had.
1. Preliminaries. Throughout this paper 0 < T < oo and zz e N are fixed and X denotes the infinite slab R"x (Q,T) = {(x,t): (xx,x2,...,x")&Rn,0 <t <T).
The lower boundary R" X (0} will be identified with R". The linear second-order uniformly parabolic differential operator £ with divergence structure is defined by LU=L,dx-, H*''^ +V^'°3^ + C(*'°"~^' For any open U c X, let %(U) be the set of real-valued functions u which are of class Q2 with respect to x, of class 6' with respect to t, and satisfy Lu = 0 on U.
The following properties hold.
(PI) (X, %) is a strong harmonic space in the sense of [3] (cf. [15, 3, 10 , Exercise 3.3.5]). A function in %(U) is said to be harmonic on U.
(P2) The classical fundamental solution T for the operator £ exists and there are positive constants P,px,p2 such that
where Wt is the fundamental solution for the operator/?,-Ax -3/3? for z = 1,2. That is, W,(x, t;y,s) = j [4/>i*('--0r/2exp (cf. [2, Theorem 7] ). For each b e R", let Kh(x, t) = T(x, t; b,0) for all (x, t) g X.
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (P3) For each nonnegative harmonic function u on X there exists a unique Borel measure /x on R" such that u(x, t) = \Kh(x, t) dki(b) for all (x, t) e X.
(i is called the representing measure for u. Conversely, if ju is a Borel measure on R" such that u(x, t) = JKh(x, t) dfi(b) is finite for all (x, t) e X, then « is a nonnegative harmonic function on X(cf. [2, Theorem 12 and Corollary 12.1]).
(P4) For each b e R", Kh is a minimal harmonic function on X (cf. [2, Corollary
12.2]).
(P5) jKh(x, t) db = 1 for all (x, t) e X (cf. [1] ). That is, Lebesgue zz-dimensional measure represents 1.
These properties, together with basic results in axiomatic potential theory (cf. [3, 10] ) imply that hypotheses (l)-(ll) in [26] are satisfied. The following result is therefore a consequence of the Fatou-Naim-Doob theorem (cf. [26] ). Theorem 1.1. Let u, v be positive harmonic functions on X represented by measures /t, v, respectively. Then u/v has fine limit dii/dv v-a.e. on R".
For the reader's convenience, the concept of fine limit is now defined. Definition 1.2 (cf. [13, 26] ). (i) For any nonnegative superharmonic function u on X and E cz X, the reduced function ofuonE is defined on X by REu(x, t) = inf{w(;ï, t): wis nonnegative, superharmonic on Xand w > uon £}.
REu denotes its lower semicontinuous régularisation and is called the balayage of u on E.
(ii) A set £ c X is said to be thin at b e R" if REKh*= Kh or, equivalently, REKb * Kb-(iii) The fine filter at b, <5(b) = {£ c X: X\ E is thin at b). Limits along this filter are called fine limits.
Throughout this paper, C denotes a general positive constant (not necessarily the same at different occurrences) which may depend on zz, P, px, p2 and other constants. Remark 1.3. The function c is bounded, hence there exists a constant q > 0 such that c < q. Then, for sufficiently differentiable u, L(eq'u) = eq'(Lu -qu). Hence L(tei') < 0. Now, in the case of the potential theory associated to the Laplacian, the complement of a Martin neighbourhood of a point on the Martin boundary is thin at that point. The following lemma establishes a similar result for parabolic potential theory onl Lemma 1.4. For any ¿ëR" and neighbourhood UofbinR" + ], the set X\U is thin at b.
Proof. Let b and U be as in the hypothesis. Then there exists 8 > 0 such that {(x, t): \\x -¿z|| < 8, 0 < t < 8} c U. Since T < PW2 and e~x ^ (2-mm\)^2\-"'/2 for m = 0, zz + 2, it follows that Kb(x, t) < Ct < Oe9' for ail (x, t) e X\ U.
Then, by Remark 1.3, RxxuKb(x, t) ^ Oe^'for ail (x, t) e X Hence RxxuKh(x, t) -» 0as(x, 0 -+ b, so RxxuKh * #,,.
A useful characterisation of thinness is provided by the following result (cf. [ Conversely, if there exist (x, t) e X and a sequence {Um} as above such that \imm_xRE,m)Kh(x, t) = 0, then £ is thin at b.
Proof. Assume £ is thin at b. Define u(x, t) = lim RE(m)Kh(x, t) for each (x, t) e X.
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Then u is nonnegative and harmonic on X because RE(m)Kh is harmonic on X\ Um and the Doob convergence property for a decreasing sequence of harmonic functions can be applied. However, RE(m)Kh is a potential for each m, hence u = 0. 2. Semifine and parabolic limits for arbitrary functions. In [6] Brelot and Doob defined "semi-effdement" at a point of R" for classical potential theory on X. In order to define semithinness at a point of R" for parabolic potential theory, it is necessary to modify their definition so as to take account of the " parabolic scaling" of the heat equation.
In the remainder of this paper, y denotes a fixed number and 0 < y < 1. (ii) A set £ c X is said to be semithin at b e R" if there exists (x, t) e X such that \imm^xREr,jKh(x, t) = 0. Remark 2.2. (i) For any (x, t) and (x0, t0) g X, there exists a g R such that u(x, t) < au(x0, t0) for all positive harmonic functions u on X (cf. [2, Theorem H]). Hence, £ c X is semithin at b g R" iff there exists t0 g (0,7) such that \imn^xREnJmKh(x, t) = 0 for all f e (0, i0).
(ii) It is clear from Proposition 1.5 that 9(b) c S(/3) for all zj g R", Definition 2.3. (i) For any a > 0 and £ e R", the region P(b; a) = {(x, t) e X: ||x -b\\2 < at)
is called the parabolic region with aperature a and vertex b. For any 8 > 0, P(b; a, 8) denotes P(b; a) n {(x, 0 g X: t < 8).
(ii) A real-valued function / is said to have parabolic limit X at b e R" if {f(xn, /")} converges to A for every sequence {(x", tn)) which converges to ¿> within a parabolic region. 
Therefore, for m > m0 and (x, t) g £ n Jm, Kh(x, t) < Cy-"(m+,)e"/2 < Cy-"(m+V/2tJm(x, t).
Now,
vm(x,t) < Cr"/2(volume of Bm) = cr"/2y"<'"-|)(l -y3").
Hence, for m > zzz0 and (x, t) e A", RFnJKb(x, t) < Cy"2"(l -y3")r"/V/2.
It follows that £ is semithin at b.
3. Nonsemithin sets. For classical potential theory on x, it is known (cf. [6, Théorème 3] ) that if {(ym, tm)) converges to b within a cone, then for any a > 0 the so-called " bubble" set,
is not semithin at b.
In the case of the potential theory for the heat equation on X, Koranyi and Taylor [22, Proposition 4.1] proved that if tm |0, then for any a > 0, the set Ux=x{(x,tm): ||x -¿z||2 < atm) is not thin at b. This is a special case of the following result. Fix (x0, t0) G X and m0 G N such that Zm < Z0 for all m > zzz0. Then, RE \ dominates the solution of the Dirichlet problem on the half-space {(x, t): t > tm) corresponding to the characteristic function of £",. Therefore, by using P~^W^ < T and Proposition 1.6, it follows that for m > zrz0,
Hence, liminfz;"/2Ä£ l(x0,?0) > 0.
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Since ||x -è||2 < 2(||x ->>J|2 + ||j>m -b\\2), it is clear that REmKh(xo^o)>Crm"^REm\(x0,tQ).
Hence there is a constant 5 > 0 such that RE^Kb(x0, t0) > 8 for all sufficiently large zzz.
Now, for each m ^ zrz0, put Tm = {k g N: EmC\ Jk* 0). E c P(b; X) where X = max{2(a + ß),\). Hence k g tm implies X~ly2{k+]) ^ tm ^ y2k, which implies t_ is contained within an interval of fixed length 1 -(logA)/(21og y). Therefore, there exists q g N, independent of m, such that the cardinality of Tm < q. Now, for all sufficiently large m, £",= U Emnjk so REKb< E REmnjKb.
Hence, for all sufficiently large m, there exists k(m) such that REnJ m Kb(x0, t0) > 8/q. This proves £ is not semithin at b. Remark 3.2. It is interesting to note that, by using a similar argument, it can be shown that if {(ym, ?",)} converges to b within a cone, then U ^=,((x, tm): \\x -ym\\ < ßtm) is not semithin (in the classical sense) at b. This exhibits a smaller nonsemithin set than the standard "bubble" set.
4. Semifine and parabolic limits for harmonic functions. In [22, Theorem 4.2], Koranyi and Taylor used the fine limit theorem and a reduction theorem [22, Theorem 1.2] to deduce Doob's result (cf. [11] ) that every positive solution of the heat equation on X has finite parabolic limits a.e. on R". The following theorem uses their method to obtain the same result for the linear second-order parabolic differential operators £ introduced in §1, thus deriving Johnson's result (cf. [19] ) from the theory of fine convergence. Consequently, if u > 0 and satisfies Lu = 0 on X, then u has parabolic limit dfx/db for a.e. b G R", where ju is the representing measure for u.
Proof. Suppose there exists a sequence {(ym,tm)) converging to b such that ll>m ~ b\\2 < atm, and a constant X > 0 such that u(ym, tm) > X for all m g N. Let t? be such that a < rj < ß. Then by putting Í2 = {x g R": ||jc -z3||2 < t]t), fl' = (x g R": ||x -b\\2 < at) in the Harnack-type inequality of Aronson and Serrin (cf. [2, Theorem H]), it follows that there is a constant A, > 0 such that u(x, It) > Xxu(y, t) for all 0 < t < min(l,<5/2)» II* -b\\2 < «^ Il y ~ b\\2 < at. Hence, u > A,A on £ = U "_,{(x, 2tm): \\x -b\\2 < atm), which is not semithin at b. Hence u does not have semifine limit 0 at b.
Consequently, for any b g R", u has fine limit 0 at b implies u has parabolic limit 0 at b. The theorem is completed by using Theorem 1.2 in [22] (cf. §8).
5. Parabolic and fine limits almost everywhere. In [6] it was proved that if /: X -» R and £ c R" is the set of points at which / has a finite nontangential limit, then / converges finely a.e. on £. However, the method used there is rather involved. Let v be the solution of the Dirichlet problem on X corresponding to the characteristic function of A. Then, by the Fatou-Naim-Doob theorem, v has fine limit 1 a.e. on^4. Therefore, for any 0 < X < 1, the set Ex = {(x, t) g X: v(x, t) < X) is thin at a.e. b <e A. Now, suppose (x, /) G X\ W and t < 8. Let D = (b G R": ||x-b\\2 < ai}. Then
Hence, X\ W c Ex U {(x, t) & X: t ^ 8} for some choice of A.
The main result in this section will now be stated. This remark corresponds to that made by Brelot and Doob for the case of the Laplacian (cf. [6, p. 412, footnote (11)]). 6 . Semifine and parabolic limits for solutions of the heat equation. In case £ is the heat operator, this section improves the first part of Theorem 4.1 by using a stronger Harnack-type inequality.
In Further, limp_x 8(p) = 1.
(ii) For each 0 < p < 1, there exists <t>(p) such that for all positive solutions u of the heat equation on X, u(x,pt) < <p(p)u(y,t) if\\x -y\\2 < p"'(l -pft. Proof. The second part of the theorem is a direct consequence of the first part.
To prove the first part, consider X < oo. Let {(ym, tmy) be a sequence of points in a parabolic region P(b; a) converging to b such that for all ô > 0 there exists Then w(x, i) < <t>(p)u(ym, tm) if (x, t) g £m p, which implies that for any 8 > 0, there exists 0 < p < 1 such that u < X + 28 on a set which is not semithin at b.
To complete the proof, consider X = oo. Then only the second inequality needs to be examined. Fix p > 1 and let {(ym, tm)) be a sequence of points in a parabolic region P(b; a) converging to b such that u(ym, tm) tends to oo. Then for any 8 [21] obtained a Borel isomorphism between a subset of the Martin boundary of X and a subset of the Martin boundary of W. This Borel isomorphism preserves the null sets for the representing measure of a harmonic function on X and the representing measure of its restriction to W. This relationship was used in [6 and 22 ] to obtain local Fatou theorems from the fine limit theorem.
In [21] it was asked whether a similar result holds for strong harmonic spaces. This section presents an affirmative answer to this question for "regular" subsets of strong harmonic spaces.
In Conversely, if¡i G <3ILr(y) and u(x) = jh(x) dxi(h)for all x g Y, then u g %r(Y). Now, by letting " §" (resp. "9") in [26] be the set of nonnegative, r-integrable superharmonic functions (resp. z--integrable potentials) on Y, it follows from axiomatic potential theory that all the hypotheses in [26] are satisfied except for (9) and (10) (ii) is a consequence of the uniqueness of the Riesz decomposition. The proof of the next result is similar to that of Proposition A.2 in [21] except that results on uniform integrability (cf. [9] ) are needed in this case. 
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Hence u -a(h -RY^wh) on W for some 0 ^ a < 1. Now, {/z,(m)} g L'(z-) converges pointwise to h, and for all m, fhi(m)dr = 1 = fh dr. Therefore, {hi(m)} is uniformly integrable with respect to r (cf. For any h g Br(Y), the fine filter (on Y) at h will be denoted by 9(h) and its restriction to W by 9( h )\ w.
For any k g Bs(W), the fine filter (on W) at k will be denoted by 9w(k). Then, by using Lemma 2.12, 9(h)\w = 9w(^(h)) for all h g Br(Y, W).
Consequently, the main result of this section follows from Theorem 7.2 applied to W and Theorem 7.8. W. For each m > zrz0, define Fm = {y e R": ||>" -x",||2 < atm). Then >> g £m implies (x,", tm) G £(>;; a, l/m). Hence £", n £ = 0 for all zzz > t7z(). Now, the ball £", has radius (atm)]/2 and is contained in the ball of centre b and radius (a1/2 + y{/2)tn{2.
Since tm -* 0, this implies b £ D.
The main result of this section will now be proved. This implies that for every harmonic u > 0 on X, Rx^wu is continuous on the intersection of the boundary of W with X n ((x, t): t < 8). However, the continuity of RX\Wu at points on t = 8 does not follow. This difficulty can be avoided by considered the space X n ((x, t): t < 8) instead of X. That is, it suffices to assume T = 8. Then condition (**) in §7 is satisfied for the harmonic space X. Furthermore, by considering the sets {b g E: u > -m on Wb) and [b G £: tz < m on Wb) for each m g N, one can assume u > 1 on W. This condition will be useful in choosing a suitable reference measure. Now, let t be a finite reference measure on W and fix a point ( y, tj) g X such that y is outside the projection of W on R".
Define the measure r on X by It will now be shown that Br(X) can be identified with R". For each b g R", define Q(b) = fKb dr. Now, for each b g R", Kb is a positive continuous function on X, hence 0 < Q(b) < oo. Furthermore, Kb(x, t) < Ct~"/2 for all (x, t) g X and f-7i/2 js /--integrable, hence Q is a continuous function on R".
Define the map ß: R" -> Br(X) by Sl(b) = Q(b)~lKb. Now, let {bm) be a sequence in R" converging to b g R". Then it is well known that Kb -» Kb pointwise. However, it can also be shown that Kbm -* Kb uniformly on compact subsets of X (see Remark 9.3 below). This implies Í2 is continuous, and it is clearly bijective. It remains to show that fi~' is continuous. To do this, a lower bound for Q(b) will be needed. Remark 9.3. Let (bm) be a sequence in R" converging to b g R". The literature does not seem to explicitly state that Kh -» Kb uniformly on compact subsets of X. A proof of this is now given under the assumptions made in the proof of the above theorem.
Let {bm} be as above. Now, it is well known that W2(x, t; bm,0) -» W2(x, t; b,0) uniformly on compact subsets of R" X R+, hence ¡W2(x, t; bm,0) dr(x, t) -* fw2(x, t; b,0) dr(x, t).
Therefore the sequence (W2(-,-;bm,0)) of functions is uniformly integrable with respect to r. Since 0 < T < PW2, the sequence (Kb } of functions is uniformly integrable with respect to r. Hence ¡Kb dr -* JKb dr. Recall that DCr'( X) is compact (with respect to the topology of uniform convergence on compact subsets of X). The result follows by considering subsequences of {[j'Kh dr]~]Kb }.
